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a) Boundary Conditions (along the edges, x = const): Hxo* = 0

^ = Py (5)

b) Boundary Compatibility Conditions:

~ 2(1' (6)

Equation (6) may also be. rewritten in terms of displacements
as

xy,y =0v (7)

which represent a constant value of v and a linear variation of
u (constant rotation). Since consideration u = v = 0 on this
boundary satisfies Eq. (7), the stress field obtained as a
solution of Eq. (4) with boundary conditions Eqs. (5) and (6)
corresponds to the solution of the problem with homogeneous
boundary conditions on Su. The boundary conditions on the
edge y = constant have similar form.

Thus, the stresses in this class of mixed boundary-value
problems in which displacement boundary conditions are
homogeneous can be completely formulated in terms of
stresses as solution to Eqs. (4-6). This process eliminates the
consideration of displacement boundary conditions on Su.

Example
As an example we consider the bending of a beam fixed at

both ends (x = 0 and a). It is subjected to a uniformly
distributed load of intensity q. The potential function for this
example can be expressed as follows:

where

- Mdkdx -

d X(M>XX -

(8)

(9)

where M is the bending moment and k is the curvature. In
what follows we consider Ilf\. M and k may be expressed in
terms of a stress function <j) as

*= - (10)

where E is Young's Modulus and / is the second moment of
the area. The stress function <£, required to satisfy the equilib-
rium equation

MtXX=q or (11)

is introduced in the potential function through the Lagrangian
multiplier X.

Using Eqs. (10) and (11), the expression for dllf} is rewritten
as

?> = - f
JO

dx

Using the standard variational procedure, the governing dif-
ferential equations and boundary conditions are obtained as

with boundary conditions

$ = 0; 4>,x =' 0 at jf = Q and (7

X = 0; X^ = 0 at x = 0 and a

(13)

(14)

(15)

Equations (12-15) represent the IFM, It may be readily
verified that the solution of Eq. (12) along with the boundary
conditions of Eq. (14) completely defines <£ and hence the
moment distribution in this beam. Thus, the moment response
of the clamped beam with displacement boundary conditions
can be obtained using the integrated force method without any
reference to displacements on the boundary or in the field.
Furthermore, the solution of Eq. (13) along with the boundary
conditions of Eq. (15) yields the Lagrangian multiplier, which
can be readily identified as the normal displacement distribu-
tion in the beam.

The present study is an attempt to establish the feasibility
of obtaining complete information on stresses in a mixed
boundary-value problem with homogeneous displacement
boundary conditions. In principle, this can be extended to
include body forces and elastic supports, etc., by appropri-
ately including them in either part of the potential function
given in Eq. (1). In such a case, the decoupling of the two
problems cannot always be expected. Further study in this
direction will be interesting and useful.
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M OST of the dynamic problems in elasticity in curvilinear
coordinates are formulated to solve a particular type of

= 4 (1.2)
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problem only and no general method that can be used for any
coordinate system is readily available. For such specialized
applications, the mathematical derivation is usually limited to
either cylindrical or spherical coordinates only. In this Note,
the most general form of stiffness and mass matrices to be
used in free-vibration equations are derived from Hamilton's
principle. These equations are presented for isotropic, linear-
elastic material and are valid in any coordinate system
(including nonorthogonal).

For convenience we will use standard tensor notations1

where repeated indices refer to additions and superscripts and
subscripts stand for contravariant and covariant components
of tensor, respectively. Similarly, g stands for the metric ten-
sor, and a comma refers to the covariant derivative.

If R(XJ) is the position vector of any point on an elastic
body in the curvilinear space, then the base vector for this
system can be written as

**<*,-)

We also have the covariant metric tensor

and contravariant metric tensor

'gu-=gl-'gj

(2)

(3)

The covariant and contravariant components of the metric
tensor are related by "Kronecker delta"

&j=gikgkj. (4)

We introduce the following two additional notations, com-
monly known as Christoffel symbols of the first and second
kinds, respectively.

First kind:

(5)
£t ^UJLj y^k ^~^(i ~*

Second kind:

r& = gpq [ik,q] = gpl [ik, 1] + gp2 [ik, 2} + gp3 [ik, 3] (6)

The covariant derivative of a second-order mixed tensor T\ is
defined as

7'] — ' rp
~ ~ ~ L (7)

Let us consider the deformed configuration of the body
under a system of external surface traction pi9 such that a
point on the body originally at R(xf) deforms by an amount
u(xi). Using Ui for the displacement vector in the tensor nota-
tion and other standard nomenclatures from linear elasticity,2
we obtain the following dynamical relationships:

Strain-displacement relation:

Stress-strain relation:

Work due to external forces:

0 = gv Pi Uj dA
J area

(8)

(9)

(10)

Strain energy:

Potential energy:

Jvol

y=
Kinetic energy:

T = 2 J v o i 1

Lagrangian function:

L = T- V

Action integral:

rfe .a =\ L dtJ/,

(11)

(12)

(13)

(14)

(15).

where dt; •= Vo dx{ dx2 dx3, and G = det I g f j I . In free
vibration of an elastic body, there are no external forces, that
is, PI = 0, resulting into 0 = 0. Thus,

(16)= (T-U)dt

From the Hamilton's principle for a conservative system,3 we
have 5(1 = 0, which yields

(17)

(18)

dTdt = W dt

Now, from Eq. (13) we have

1 2 dT dt = I p gij I 2 Uj dut dt} dv
J/ , JVOi L . ({ J

On integrating the right-hand side of the above equation by
parts, we obtain

pfc r r ti f / 2 . i
dTdt-=\ p gtj \ if, <$«,- - du: it: dt dv

J/! JVOl L J tl J / j J J

Since, Uj 6w/ | ̂  = 0, the above equation further simplifies into

dTdt= ~
vol

p gij Uj dv (5Uj) dt (19)

Similarly, from Eq. (11) we have

dUdt =

(20)

On substituting the strain-displacement relation from Eq. (8),
Eq. (20) reduces to

\ gk dUi dv dt (21)

At this point, we can substitute Eqs. (19) and (21) in Eq. (17).
Since the resulting expression would be true for any value of
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time, we can drop the integration over t, which yields

[ pgV Uj dv (to,) + [ (2ft gf gJ" UM
Jvol Jvol

+ ^gkrguuk,r)dv(duu) = Q (22)

in a dynamic problem, ut being the component of the dis-
placement vector is a function of xlt x2, x3> and t. Hence, by
separating the variables in the spatial dimensions and the time
domain, we can write

where N{(XC) is the second-order mixed tensor and as such
from Eq. (6),

/i . = r J L + p/. \TP _ -r? \rfJ PJ ' tf • *dx

We also have

and

The substitution of these values in Eq. (22) yields

(24)

(25)

(26)

(27)

f f
L Jvol

tvol

+ X g» g" [N{],r [Nf]9j] dv WfWh = 0 (28)

which is also the equation of free vibration for the elastic body
and, in the usual matrix representation, is written as

[M] Wf+[K] Wf = (29)

In the finite-element method,4 if [N{] is considered as a
suitable displacement shape function in the curvilinear coordi-
nate system, then the relationships for the mass matrix [M]
and the stiffness matrix [K] quickly follow. Thus, for an
assumed shape function [N{] and known contravariant metric
tensor gv, the mass and stiffness matrices can be determined
as follows:

(M}= p[Nf]
Jvol

(30)

[AT=
vol

(31)

The above expressions for the mass and stiffness matrices are
the most general in nature and are good in any coordinate
system.
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